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Theory of periodic sampling of photon-counting distributions 

E. JAKEMAN and E. R. PIKE 
Royal Radar Establishment, Great Malvern, Worcs. 
.iMS. received 30th May 1968 

Abstract. The statistical accuracy with which moments of the intensity-fluctuation 
distributions of optical fields can be determined, by photon-counting experiments of 
finite duration, is calculated. 

1. Introduction 
The probability distributions P(E)  of fluctuations in the integrated intensities 

nt A T ; 2  

E( t ,  T )  = J g-(rt')c?+(rt') dt' (1) 
t - T i 2  

of optical fields a(r, t )  have been the subject of a number of recent experimental and 
theoretical investigations. 8 is a scalar component of the electric-field vector, the super- 
scripts plus and minus indicate the positive- and negative-frequency parts, respectively, r 
and t are space and time variables and T is an integration time. These distributions have 
been used both to characterize coherence properties of light sources and to measure 
correlations in scattering media. Theoretical reviews have been given by Glauber (1965) 
and by Mandel and Wolf (1965). Experiments usually measure fluctuations of E ( T )  by 
taking periodic samples of the number n of photoelectrons emitted in a time T by a photo- 
electric detector (photomultiplier). This gives a photon-counting distribution p(n, T )  
whose factorial moments defined by 

30 

N(') = 2 E(%-1) . . . (n-Y+l)p(n,  T )  
a =  1' 

are d times the actual moments 

< E r )  = If ErP(E) d E  
0 

of the intensity-fluctuation distribution, where cc is the quantum efficiency of the detector. 
This relation can be easily proved with the aid of Mandel's (1963) formula 

p(n, T )  = o"e-'"P(E) dE. 
n! 

The  first measurements of complete photon-counting distributions were, we think, by 
Johnson et al. (1965), although previous authors had made use of the variance of the 
distribution, sometimes called the excess noise. Complete distributions of a similar nature 
for cc-particle detections were published by Rutherford and Geiger (1910), and similar 
work must also exist in the literature on the statistics of x-ray photons. Recent experi- 
mental work includes contributions by Arecchiet al. (1967), Chang et al. (1968) and Jakeman 
et al. (1968a, b). 

In  a single experiment of M samples, an (unbiased) estimate 
m 

J P )  = 2 n(n - 1) . , , (n  -?' + l)p(n) 
1% = r 

1 "  m 

= 2 n(n-1)  . . . (  n - r + l ) -  2 
11 = r M , = ,  
1 M  

= - 2 n,(., -1) . . I  (a, - r +  1) 
:U,=, 
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(4) 
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of the factorial moment N(') is obtained, where np is the number of counts in the p th  
sample, is the Kronecker delta. In  this paper the theoretical deviation of J V ( ~ )  from 
N(') is calculated as a function of 134. A general expression for the variance of the estimator 
Mer) is obtained in terms of the correlation functions of the field and this is then evaluated 
for certain situations of experimental interest. 

2. Variance of the estimator 
The  variance of A'"(') defined by equation (4) is given by 

l M  
varN(') = - 2 [ (np(n , - l )  ...( n,-r+I)n,(n,-1) . . . (n , -~+1)>-{ iV(~)}~] .  (5) 

For random sampling at intervals greater than any coherence time of the field, the terms 
with p different from q vanish, while the rest are all equal. Making use of the identity 

M2 p , q = 1  

(6) 

these remaining terms may be summed to give 

where the suffix R denotes random sampling. The  general formula ( 5 )  may now be ex- 
pressed in terms of var NR(') and the 'off-diagonal' elements occurring in the sum. The  
latter may be rewritten using the relation 

(n,(n, -1) .,. (n,  - r +  l)n,(n, -1) ... ( v q  -Y+ 1))  = xZr (EprE; ) ,  p # q (8) 

and ( 5 )  becomes 

(9) 
2' 

varJtr(') = varM,(')+-- 2 ( <Ep"Eq') - ( E r ) 2 ) .  
M 2  P f 4  

The  autocorrelation function of E' may be expressed in terms of the correlation functions 
of the field, defined by Glauber (1963 a) as follows : 

t, f T / 2  t,+T 2 
{EprE; )  = 1 dt, ... dt , /  d t ,+ l  ... dt2,G(2r)(t, ... t2 , ,  t,, .,. t l )  (10) 

i, - T'2 t, - Ti2  

where the G are defined in terms of the density matrix p of the field by 

G(n)(tl ... tZn)  = Tr{pc?-(t) .,, b-(to,)d4(tn+,) ... k+(tzn)) ;  

the caret denotes the field operator. 

3. Examples 
For periodic sampling of a stationary process (Davenport and Root 1958), which is the 

situation encountered in typical photon-counting experiments, the general expression (9) 
reduces to the form 
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This will first be evaluated for the case of a fully coherent field. The correlation functions 
then factorize (Glauber 1963 a) : 

n 
G(n)(tl ... t,, t ,  ... t l )  = G(')(tj, t j )  

j=1 

and the multiple integrals on the right-hand side of equation (10) factorize in a similar nay 
to give 

<EDrEp. .kr)  = <Er)' = (E2'>.  (13) 

The  second term of (11) then vanishes and, writing f i  for Ni) and using (7), this equation 
reduces to 

(14) 

As a second example we take the case of Gaussian-Lorentzian light (Jakeman and Pike 
1968) whose correlation time T~ satisfies the double inequality !WT 9 T~ 9 YT where T > T 
is the period of the sampling. For Gaussian light, the correlation functions possess the 
following properties (Glauber 1963b): 

n 

G"(t1 ... t,, t,, ... t i )  = 1 'Ti G(')(tj, tperm(,-.j)). (13) 
perm j = 1  

If the spectrum is Lorentzian G(l)(tp, tq) is given by (Glauber 1963b) 

and in the limit T~ 9 T evaluation of the integrals in equation (10) leads to the relation 

Substituting into (11) and summing over k gives 

,W{I - exp( - Z T S / T ~ ) ) +  exp( - 2 r s / ~ ~ ) ( e s p (  -2L%fTS/T,) -1) 
x _________- [ M{exp( - ~ T s / T ' )  -1j2 

In  the same limit, the first term on the right-hand side of this equation may be written 

If T Y / T ~  < 1 the second term on the right-hand side of (18) dominates the first term. If, 
in addition, the total experiment time ATI~ is much greater than T ~ ,  (18) is well approximated 
by the formula 

The  application of equations (14) and (20) is reported elsewhere (Jakeman et al. 1968 a, b). 
They have been found to agree well with experiment up to the sixth order. 
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